Two reliable techniques, Haar wavelet method and optimal homotopy asymptotic method (OHAM), are presented. Haar wavelet method is an efficient numerical method for the numerical solution of arbitrary order partial differential equations like BurgersFisher and generalized Fisher equations. The approximate solutions thus obtained for the fractional Burgers-Fisher and generalized Fisher equations are compared with the optimal homotopy asymptotic method as well as with the exact solutions. Comparison between the obtained solutions with the exact solutions exhibits that both the featured methods are effective and efficient in solving nonlinear problems. The obtained results justify the applicability of the proposed methods for fractional order Burgers-Fisher and generalized Fisher's equations.
Introduction
Fractional calculus is a field of applied mathematics which deals with derivatives and integrals of arbitrary orders. In the last few decades, fractional calculus has been extensively investigated due to its broad applications in mathematics, physics, and engineering such as viscoelasticity, diffusion of biological population, signal processing, electromagnetism, fluid mechanics, electrochemistry and so on. Fractional differential equations are extensively used in modeling of physical phenomena in various fields of science and engineering. For this we need a reliable and efficient technique for the solution of fractional differential equations.
Recently, orthogonal wavelets bases are becoming more popular for numerical solutions of partial differential equations due to their excellent properties such as ability to detect singularities, orthogonality, flexibility to represent a function at different levels of resolution, and compact support. In recent years, there has been a growing interest in developing wavelet based numerical algorithms for solution of fractional order partial differential equations. Among them, the Haar wavelet method is the simplest and is easy to use. Haar wavelets have been successfully applied for the solutions of ordinary and partial differential equations, integral equations, and integrodifferential equations. Therefore, the main focus of the present paper is the application of Haar wavelet technique for solving the problem of Burgers-Fisher and generalized Fisher's equations. The obtained numerical approximation results of this method are then also compared with the optimal homotopy asymptotic method.
Consider the generalized one-dimensional BurgersFisher equation of fractional order:
where , , and are parameters and 0 < ≤ 1. This equation has a wide range of applications in fluid dynamics model, heat conduction, elasticity, and capillary-gravity waves. When = 0 and = 1, 
where ( , ) denotes the population density and > 0, ∈ R, and ( ) is a continuous nonlinear function satisfying (2) is also the Caputo derivative of order .
Our aim in the present work is to implement Haar wavelet method and optimal homotopy asymptotic method (OHAM) in order to demonstrate the capability of these methods in handling nonlinear equations of arbitrary order, so that one can apply it to various types of nonlinearity.
Fractional Derivative and Integration
There are several approaches to define the derivatives of fractional order such as Riemann-Liouville, Grünwald-Letnikov, and Caputo. Riemann-Liouville fractional derivative is not suitable for real-world physical problems since it requires the definition of fractional order initial conditions, which have no physically meaningful explanation yet. Caputo introduced an alternative definition, which has the advantage of defining integer order initial conditions for fractional order differential equations.
where Γ(⋅) is the well-known gamma function, and some properties of the operator are as follows:
Definition 2. The Caputo fractional derivative 0 of a function ( ) is defined as [1] 
The following are two basic properties of the Caputo fractional derivative:
Haar Wavelets
Haar functions have been used from 1910 when they were introduced by the Hungarian mathematician Alfred Haar. 
where
= 1, 2, . . . , , = 2 , and is a positive integer which is called the maximum level of resolution. Here and represent the integer decomposition of the index . That is, = + 2 − 1, 0 ≤ < , and 1 ≤ < 2 + 1.
Function Approximation
Any function ( ) ∈ 2 ([0, 1)) can be expanded into Haar wavelets by [2] [3] [4] 
If ( ) is approximated as piecewise constant in each subinterval, the sum in (9) may be terminated after terms and consequently we can write discrete version in the matrix form as
where Y and C T m are the -dimensional row vectors. Here is the Haar wavelet matrix of order defined by 
Operational Matrix of the General Order Integration [2]
The integration of the
where is called the Haar wavelet operational matrix of integration which is a square matrix of -dimension. To derive the Haar wavelet operational matrix of the general order of integration, we recall the fractional integral of order (> 0)which is defined by Podlubny [1]
where R + is the set of positive real numbers. The Haar wavelet operational matrix for integration of the general order is given by
for = 1, 2, . . . , , = 2 and is a positive integer, called the maximum level of resolution. Here and represent the integer decomposition of the index . That is, = +2 −1, 0 ≤ < , and 1 ≤ < 2 + 1.
Basic Idea of Optimal Homotopy Asymptotic Method (OHAM)
The OHAM was introduced and developed by Marinca et al. [5] . In OHAM, the control and adjustment of the convergence region are provided in a convenient way. To illustrate the basic ideas of optimal homotopy asymptotic method [6, 7] , we consider the following nonlinear differential equation:
with the boundary conditions
where is a differential operator, is a boundary operator, ( , ) is an unknown function, Γ is the boundary of the domain Ω, and ( , ) is a known analytic function.
The operator can be decomposed as
where is a linear operator and is a nonlinear operator. We construct a homotopy ( , ; ) :
where ∈ [0,1] is an embedding parameter, ( ) is a nonzero auxiliary function for ̸ = 0, and (0) = 0. When = 0 and = 1, we have ( , ; 0) = 0 ( , ) and ( , ; 1) = ( , ), respectively.
Thus as varies from 0 to 1, the solution ( , ; ) approaches from 0 ( , ) to ( , ).
Here 0 ( , ) is obtained from (21) and (19) with = 0 yields
The auxiliary function ( ) is chosen in the form 
And hence the general governing equations for ( , ) are given by
where ( 0 ( , ), . . . , ( , )) is the coefficient of in the expansion of ( ( , ; )) about the embedding parameter and
It is observed that the convergence of the series (24) depends upon the auxiliary constants 1 , 2 , 3 , . . .. The approximate solution of (18) can be written in the following form:
Substituting (28) in (18), we get the following expression for the residual
If 
The convergence of the th approximate solution depends upon unknown constants 1 , 2 , 3 , . . .. When the convergence control constants 1 , 2 , 3 , . . . are known by the above mentioned methods then the approximate solution of (18) is well determined.
Application of Haar Wavelet to Fractional Order Burgers-Fisher Equation
Consider the generalized one dimensional Burgers-Fisher equation [8] of fractional order
where , and are parameters and 0 < ≤ 1, with the initial and boundary conditions
(0, )
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Let us divide both space and time interval [0, 1] into equal subintervals; each of width Δ = 1/ . Here we have taken = 1, = 1 and = = 0.01. Therefore, (31) reduces to
Haar wavelet solution of ( , ) is sought by assuming that 2 ( , )/ 2 can be expanded in terms of Haar wavelets as
Integrating (36) w.r.t. from 0 to we get
Again, integrating (37) w.r.t. from 0 to we get
Putting = 0, in (38) we get
Putting = 1, in (38) we get
Again ( ) + ( ) can be approximated using Haar wavelet function as
This implies
Substituting (41) in (38), we get
The nonlinear term presented in (35) can be approximated using Haar wavelet function as
Therefore from (37), (40), and (43) we have
Substituting (36) and (44) in (35) we will have
Now applying to both sides of (46) yields 
Now substituting the collocation points = ( − 0.5)/ and = ( − 0.5)/ for , = 1, 2, . . . , in (42), (45), and (48), we have 3 2 equations in 3 2 unknowns in , and . By solving this system of equations using mathematical software, the Haar wavelet coefficients , , and can be obtained.
Haar Wavelet Based Scheme for Generalized Fisher's Equation
Consider the generalized Fisher's equation [9] of fractional order
where 0 < ≤ 1 and 0 ≤ ≤ 1 with the initial condition
When = 1, the exact solution of (49) is given by [10] ( , ) = (
Let us divide both space and time interval [0, 1] into equal subintervals; each of width Δ = 1/ . The Haar wavelet solution of ( , ) is sought by assuming that 2 ( , )/ 2 can be expanded in terms of Haar wavelets as
Integrating (52) twice w.r.t. from 0 to we get
Putting = 0, in (53) we get
Putting = 1, in (53) we get
Substituting (54) and (55) in (53) we have
The nonlinear term presented in (49) can be approximated using Haar wavelet function as
which implies
Substituting (52) and (57) in (49) we will have
Now applying to both sides of (59) yields
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Now substituting the collocation points = ( − 0.5)/ and = ( − 0.5)/ for , = 1, 2, . . . , in (61) and (58), we have 2 2 equations in 2 2 unknowns in and . By solving these system of equations using mathematical software, the Haar wavelet coefficients and can be obtained.
Application of OHAM to Fractional Order Burgers-Fisher Equation
Using optimal homotopy asymptotic method, the homotopy for (35) can be written as 
Here,
Substituting (63) in (62) and equating the coefficients of like powers of , we have the following system of partial differential equations. Coefficients of 0 are
Coefficients of 1 are
Coefficients of 2 are
and so on. For solving fractional order Burgers-Fisher equation using OHAM, we consider the initial condition (32), and solving (64) to (66), we obtain 
Using (67) and consequently substituting in (28), the second order approximate solution is obtained as follows: 
The optimal values of the convergence control constants 1 and 2 can be obtained using collocation method from (30). 
Application of OHAM to Generalized Fisher's Equation
Using optimal homotopy asymptotic method, the homotopy for (49) can be written as
Substituting (70) in (69) and equating the coefficients of like powers of , we have the following system of partial differential equations. Coefficients of 0 are
Coefficients of 2 are 
and so on. We consider the initial condition (50), and solving above equations, we obtain
and so on.
From (28), the fourth order approximate solution can be obtained by using the formula
The optimal values of the convergence control constants 1 , 2 , 3 , and 4 can be obtained using collocation method from (30). Tables 1 and 2 
Numerical Results and Discussion

Conclusion
In this paper, the fractional order Burgers-Fisher and generalized Fisher's equations have been solved by using Haar wavelet method. The obtained results are then compared with exact solutions as well as optimal homotopy asymptotic method (OHAM). These results have been cited in the tables in order to justify the accuracy and efficiency of the proposed schemes. The Haar wavelet technique provides quite satisfactory results for the fractional order Burgers-Fisher (35) and generalized Fisher equations (49). The main advantages of this Haar wavelet method is that they transfer the whole scheme into a system of algebraic equations for which the computation is easy and simple. OHAM allows fine tuning of convergence region and rate of convergence by suitably identifying convergence control parameters 1 , 2 , 3 , . . .. 
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